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Abstract 

Following Feigin and Fuchs, we compute the first cohomology of the Lie superalgebra 
/C(l) of contact vector fields on the (l,l)-dimensional real superspace with coefficients 
in the superspace of linear differential operators acting on the superspaces of weighted 
densities. We also compute the same, but osp(l|2)-relative, cohomology. We explicitly 
give 1-cocycles spanning these cohomology. We classify generic formal osp(l|2)-trivial 
deformations of the /C(l)-module structure on the superspaces of symbols of differential 
operators. We prove that any generic formal osp(l|2)-trivial deformation of this IC(1)- 
module is equivalent to a polynomial one of degree < 4. This work is the simplest 
superization of a result by Bouarroudj [On sl(2)-relative cohomology of the Lie algebra of 
vector fields and differential operators, J. Nonlinear Math. Phys., no.l, (2007), 112-127]. 
Further superizations correspond to osp(A r |2)-relative cohomology of the Lie superalgebras 
of contact vector fields on l|iV-dimensional superspace. 

1 Introduction 



For motivations, see Bouarroudj 's paper [7] of which this work is the most natural superiza- 
tion, other possibilities being cohomology of polynomial versions of various infinite dimen- 
sional "stringy" Lie superalgebras (for their list, see [SI])- This list contains several infinite 
series and several exceptional superalgebras, but to consider cohomology relative a "middle" 
subsuperalgebra similar, in a sense, to sl(2) is only possible when such a subsuperalgebra 
exists which only happens in a few cases. Here we consider the simplest of such cases. 

Let dect(l) be the Lie algebra of polynomial vector fields on K := I or C. Consider the 
1-parameter deformation of the dect(l)-action on ~K[x]: 

L x xjL (f) = Xf + XX'f, 
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where X, f G ~K[x] and X' := This deformation shows that on the level of Lie algebras 
(and similarly below, for Lie super algebras) it is natural to choose C as the ground field. 

Denote by T\ the Oect(l)-module structure on K.[x] defined by L A for a fixed A. Geometri- 
cally, T\ = {/<ix A | / G K[x]} is the space of polynomial weighted densities of weight A G C. 
The space T\ coincides with the space of vector fields, functions and differential 1-forms for 
A = — 1, and 1, respectively. 

Denote by D„ jAt := Homdifr(^, the Oect(l)-module of linear differential operators with 
the natural dect(l)-action denoted L'if'(A). Each module D^ has a natural filtration by the 
order of differential operators; the graded module S V}fJl := grD^ is called the space of symbols. 
The quotient-module D*; /D*;" 1 is isomorphic to the module of weighted densities T^ v ^\ 
the isomorphism is provided by the principal symbol map cr pr defined by: 

A = (-p) 1 h+ a pi (A) = a k (x)(dxy-»-\ 

i=0 V x / 

(see, e.g.,[16j). Therefore, as a t)ect(l)-module, the space S V n depends only on the difference 
= fjL — v, so that S Utll can be written as Sp, and we have 

oo 
k=0 

as dect(l)-modules. The space of symbols of order < n is 

n 
fc=0 

In the last two decades, deformations of various types of structures have assumed an ever 
increasing role in mathematics and physics. For each such deformation problem a goal is 
to determine if all related deformation obstructions vanish and many beautiful techniques 
were developed to determine when this is so. Deformations of Lie algebras with base and 
versal deformations were already considered by Fialowski in 1986 [12]. In 1988, Fialowski [13] 
further introduced deformations whose base is a complete local algebra (the algebra is said 
to be local if it has a unique maximal ideal). Also, in [13] ; the notion of miniversal (or formal 
versal) deformation was introduced in general, and it was proved that under some cohomology 
restrictions, a versal deformation exists. Later Fialowski and Fuchs, using this framework, 
gave a construction for a versal deformation. Formal deformations of the Dect(l)-module Sg 
were studied in [HE]. Moreover, the formal deformations that become trivial once the action 
is restricted to sl(2) were completely described in [6]. 

According to Nijenhuis-Richardson the space H 1 (g;End(y)) classifies the infinitesimal 
deformations of a g-module V and the obstructions to integrability of a given infinitesimal 
deformation of V are elements of H 2 (g; End(V)). More generally, if h is a subalgebra of 
0, then the Ij-relative cohomology H 1 (g, fj; End(V)) measures the infinitesimal deformations 
that become trivial once the action is restricted to f) (i)-trivial deformations), while the ob- 
structions to extension of any f)-trivial infinitesimal deformation to a formal one are related to 
H 2 (g, I); End(V)). Similarly, in the infinite dimensional setting, the infinitesimal deformations 
of the dect(l)-module 52 are classified, from a certain point of view, by the space 
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l4 ff (t>ect(l);D)= H^Pect^D^-^, (1.1) 

0<i,j<n 

where D := D(n, (3) is the Oect(l)-module of differential operators in SJ^ and where H^ iff 
denotes the differential cohomology; that is, only cochains given by differential operators are 
considered. The sl(2)-trivial infinitesimal deformations are classified by the space 

H^ ff («ect(l),s[(2);D)= H^ ff (t>ect(l) J af(2);D^_ i , /3 _ i ) . (1.2) 

0<i,j<n 

Feigin and Fuchs computed H^g- (oect(l); D^^/) , see [TT]. They showed that non-zero 
cohomology H\ iS (ttect(l); only appear for particular values of weights that we call 

resonant which satisfy A' — A G N. Therefore, in formulas (II. lh and (II. 2j) . the summa- 
tions are only over i and j such that i < j. Bouarroudj and Ovsienko [9] computed 
^diff ( 0ec t(l)! s K2); Da,A')j and Bouarroudj [8] solved a multi-dimensional version of the same 
problem on manifolds. 

In this paper we study the simplest super analog of the problem solved in [11, 9, 8], namely, 
we consider the superspace IK 1 ' 1 equipped with the contact structure determined by a 1-form 
a, and the Lie superalgebra /C(l) of contact polynomial vector fields on IK 1 ' 1 . We introduce 
the /C(l)-module 3a of A-densities on IK 1 ' 1 and the /C(l)-module of linear differential operators, 
£>2, jM := Kouidisi^u, which are super analogues of the spaces T\ and D^, respectively. 
The Lie superalgebra osp(l|2), a super analogue of sl(2), can be realized as a subalgebra of 
/C(l). We compute H^g (/C(l); 3a, A') and B.\ iS (/C(l), osp(l|2); Da, A') and we show that, as in 
the classical setting, non-zero cohomology H^ iff (/C(l); £>a,A') only appear for resonant values 
of weights which satisfy A' — A G ^N. So, the super analogue of the space <Sg is naturally the 
superspace (see [16]): 

2n 

6; = 0^_*, where n G -N. 
fc=0 

We use the result to study formal deformations of the /C(l)-module structure on 6^. Denote 
by D := D(n,/3) the /C(l)-module of linear differential operators in 6^. The infinitesimal 
deformations of the /C(l)-module structure on 6^ are classified by the space 

H 1 ^ (JC(1); D) = H 1 ^ (jC(l); V*,m) ■ 
0<i<j'<2n 

The 05p(l|2)-trivial infinitesimal deformations are classified by the space 



H difr (/C(l),0 S p(l|2);D) = H 1 iff (/C(l),o S p(l|2);S) 




0<i<j<2n 

In this work, we study only the generic formal osp(l|2)-trivial deformations of the action 
of /C(l) on the space &l. In order to study the integrability of a given osp(l|2)-trivial 
infinitesimal deformation, we need the description of osp(l|2)-invariant bilinear differential 
operators $ T ® $\ — ► g^. 
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2 Definitions and Notations 

2.1 The Lie superalgebra of contact vector fields on K 1 '" 

Let E}\ n be the superspace with coordinates (x, Oi, . . . ,0 n ), where the 6i are odd indetermi- 
nates equipped with the standard contact structure given by the following 1-form: 

n 

a n = dx + @idOi- 
i=i 

On K[x, 9] := K[x, 9\, . . . ,9 n ], we consider the contact bracket 

n 

{F, G} = FG' - F'G - -(-1)^ J>(F) • (2.3) 

i=i 

where r/j = — Qi-g^ and is the parity of F. 

Let Vectpo^K 1 !™) be the superspace of polynomial vector fields on K ' n : 

Vect Pol (lK 1|n ) = ji^ + ^ FA | F G K[a:, 0] for allij , 

where 9j = and d x = J^, and consider the superspace /C(n) of contact polynomial vec- 
tor fields on K 1 ' n . That is, /C(n) is the superspace of vector fields on K 1 '" preserving the 
distribution singled out by the 1-form a n : 

JC(n) = {X e Vectp i(]fC 1|ri ) | there exists F G K[x, 9] such that L x (a n ) = Fa n }. 

The Lie superalgebra JC{n) is spanned by the fields of the form: 

1 n 

X F = Fd x — - ^(-1) P(F) %(F)%, where F G K[x, 9}. 

i=l 

In particular, we have /C(0) = dect(l). Observe that Lx F (a n ) = X\{F)a n . The bracket in 
/C(n) can be written as: [Xp, Xq] = X^ FG y. 

2.2 The subalgebra osp(l|2) 

In /C(l), there is a subalgebra osp(l|2) of projective transformations 

osp(l|2) = Span(Xi, X e , X x , X x6 , X x i) ; (osp(l|2)) = Spanpd, X x , X x2 ) sl(2). 

2.3 The space of polynomial weighted densities on IK 1 ' 1 

From now on, n = 1 and we will denote a\ and r/ 1 respectively by a and rj. We have analogous 
definition of weighted densities in super setting (see [2]) with dx replaced by a. The elements 
of these spaces are indeed (weighted) densities since all spaces of generalized tensor fields 
have just one parameter relative /C(l) — the value of X x on the lowest weight vector (the one 
annihilated by Xq). From this point of view the volume element (roughly speaking, "dx^") 
is indistinguishable from «2. 
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Consider the 1-parameter action of /C(l) on 9] given by the rule: 

£ x Xf =X f + XF', (2.4) 

where F' = d x F, or, in components: 

2x F (G) = L x a9x (g ) + \bg x + (l X J}( 9i ) + Xg b' + \g' Q b\ 9, (2.5) 

where F = a + b9, G = go + g±9 G K[x, 9]. We denote this /C(l)-module by $\, the space of 
all polynomial weighted densities on K 1 ' 1 of weight A: 

dx = {f(x, 9)a x | f{x, 9) e K[x, 9}} . (2.6) 

Obviously: 

1) The adjoint /C(l)-module, is isomorphic to 3-1- 

2) As a eect(l)-module, 5a — -Fx © n(.F A+ i). 

Any differential operator A on K 1 ' 1 can be viewed as a linear mapping Fa x h- > (Ai 71 )^ from 
5a to 3>i thus the space of differential operators becomes a /C(l)-module denoted f° r 
the natural action: 

£*£(A) =£^i- (-if^M^A o £\ p . (2.7) 
Proposition 2.1. As a Dect(l) -module, we have 

(2)a, m )o - Da, m © D A+ i i/1+ i and(3> Al „)i - H(D A+ i ^ D A /J+ i ). 
Proof. It is clear that the map 

Va:5a — ►•Fa©II(.F a+ i) 

Fq a ^ ((l-^)(F)(dx) A , n(a e (F)(dx) A +5)) 
is dect(l)-isomorphism, see formulae ([2.5p . So, we deduce a dect(l)-isomorphism: 

«5a, m : Da, m — D A , M ©D A+ i At+ ien(D AiM+| )en(D A+|At ) 

A 1 — ► o A o ip7 . 

Here, we identify the dect(l)-modules via the following isomorphisms: 
Hom diff (^F x , n(^ + i ) 
Hom diff (ll^+i),^ 

Homdift (n(^" A+ i),n(^" M+ i 

Note that the change of parity map II commutes with the dect(l)-action. □ 

Consider a family of ttect(l)-modules on the space Dn^^.^w of linear differential oper- 
ators: A : J r \ 1 (g> • • • ®T\ m — ► Tp. The Lie algebra dect(l) naturally acts on D(Ai,...,Am);^ (by 
the Leibniz rule). We similarly consider a family of /C(l)-modules on the space l S>fXi,...,x m );n 
of linear differential operators: A : 5a x (B> • • • ® 5A m — ► 3>- 



n( 


D A, M+ |) , 




n(n a), 


n( 


> 




n(Aon), 


Da 






no Aon. 
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3 sl(2)- and osp(l|2)-invariant bilinear differential operators 

Proposition 3.1. (Gordon, [19]) There exist s[(2) -invariant bilinear differential operators, 
called transvectants, 

J k X :F T ®F X ^ fr+x+k, (<pdx T , cf>dx x ) » Jl'\ip, <p)dx T+x+k 

given by 

0<i<k,i+j=k 

where k £ N and the coefficients Cij are characterized as follows: 

i) Ifr, A g {0, -|, -1, . . . , -*fi}, «ien = T\j k _ v see ^3AJ\). 

ii) If t or A G {0, — i, —1, . . . , — ^i^}, coefficients Cij satisfy the recurrence relation 

(i + l)(t + 2r)q+i ij + (j + + 2X)a J+1 = 0. (3.10) 

Moreover, the space of solutions of the system V3.1 U\) is two-dimensional if2X = —s and 
2t = —t with t > k — s — 2, and one- dimensional otherwise. 

Gieres and Theisen |18J listed the osp(l|2)-invariant bilinear differential operators, from 
3V <8) $x to called supertransvectants. Gargoubi and Ovsienko [T7] gave an interpretation 
of these operators. In [IB], the supertransvectants are expressed in terms of supercovariant 
derivative. Here, the supertransvectants appear in the context of the osp(l|2)-relative coho- 
mology. More precisely, we need to describe the osp(l|2)-invariant linear differential operators 
from /C(l) to £>A,A+fc-i vanishing on osp(l|2). Thus, using the Gordan's transvectants and the 
isomorphism (12, 8h . we give, in the following theorem, another description and other explicit 
formulas. 

Theorem 3.2. i) There are only the following osp(l| 2) -invariant bilinear differential opera- 
tors acting in the spaces $\: 

3 T k ' X ■ $t ® $x — ► dr+x+k 

{Fa r ,Ga x ) » ft x (F, G) a T+x+k , 

where k £ |N. The operators ft X labeled by semi-integer k are odd; they are given by 

r k '\F,G) = £ rg fc ((-l)^)(2r+[^ 

i+j=[k] 

The operators ft X , where k G N, are even; set Zq' (F, G) = FG and 
r k \F,G) = £ (-i)^)rg fc _^(FW)^))- J2 

i+j=k—l i+j=k 

where (^) = — ^' ^ x and [k] denotes the integer part of k, k> 0, and 

r£ = (3.n) 
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ii) Ifr,X G" {0, — i, —1, . . . , — then «s unique (up to a scalar factor) bilinear 
osp(l 1 2) -invariant bilinear differential operator $ T (g) $\ — > $ T +\+k- 

Hi) For k G ^(N + 5), i/ie space of osp(l| 2) -invariant linear differential operators from 
IC(1) to £>A,A+fc-i vanishing on osp(l|2) is one dimensional. 



Proof i) Let T:£t® 3a 
that, as Oect(l)-modules, 



be an osp(l|2)-invariant differential operator. Using the fact 



(3.12) 



and 

we can deduce that the restriction of T to each component of the right hand side of f)3. 12|) is 
a transvectant. So, the parameters r, A and \x must satisfy 



fjL = A + r + k, where 



k G -N. 
2 



The corresponding operators will be denoted 31' ■ Obviously, if k is integer, then the operator 
3^' A is even and its restriction to each component of the right hand side of (I3.12|) coincides 
(up to a scalar factor) with the respective transvectants: 



j fc r ^' A ^:n(^ + ,)®n(^ A+ ,) 

r,A+I 
J k 



f 

J it; 



: T T ® n(^ A+i 



(3.13) 



r+i.A 

• J k 



■ n(^ T _ 



If k is semi-integer, then the operator 3£ A is odd and its restriction to each component of the 
right hand side of (|3.12j) coincides (up to a scalar factor ) with the respective transvectants: 



J [k] + 1 

r,A+i 
J [k] 

r+|,A 
J [k] 



®n(^ A+ i) - 



nor 



:^ r ©n(^ A+ i) 

:n(^ T+i )®^A 



(3.14) 



More precisely, let Fa T <g> Ga A G 3r © 3a, where F = fo + 6fi and G = go + #gij with 
/o> /ii So, 9i £ K[a;]. Then if is integer, we have 



3fc A (</?,V0 



«i^' A (/o,5o) + a 2 Jfe^i 2 ' A+2 (/ii5'i)+ 



03^ fc ' 2 (/o,5i) + a4^ 2 ' (A, So 



(3.15) 



a:' 



and if is semi-integer, we have 



b i J [k] 



X+ hfo,9i)+b 2 j; k p'\fi,g )+ 



& ( &3«^ ]+1 (/o,5o) + &4«/| 



-+|,A+| 
[*] 



(/i,Sii 



(3.16) 
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T A 

where the ai and b{ are constants. The invariance of X 1 with respect to Xq and X x $ reads: 

^ ° 5i' A - (-i) 2fc ^ A o 4 ; A) = ^ o r k x - (-i) 2k r k x o 4 r j } = o. (3.17) 

The formula (|3.17p allows us to determine the coefficients ai and 6«. More precisely, the 
invariance property with respect to Xq and X x q yields 

2A + fc- 1, , fc , , , , 2A 

a 1= a 2 = a 3 = a 4 , 6 2 = - — — fr, 6 3 = 2r + fc _^ i and 6 4 = -(1 + 



ii) The uniqueness of supertansvectants follows from the uniqueness of transvectants. 

iii) In the non-super case, according to formulae (|3.10|) . if 2r = — 1 and k > 2, the space 
of s((2)-invariant bilinear differential operators T T <8> T\ — * ^>+A+fe is 2-dimensional if and 

only if 2A = — s, where s G {k — 1, k — 2}. This space is spanned by J k 
where 

tpcf)^ if s = k — 1 

+ kip'^-V if s = fc - 2 



2 and / fc 2 ' 2 , 



_ i 
T 2 ' 



and 



_ i 

J 2' 



i+j'=fc, i>k— s+1 



where the coefficients Cjj satisfy (|3.10p . We see that only the operators J fc 2 ' 2 vanish on the 

space of affine functions, i.e., of the form (p(x) = ax + b. 

If k > 3, the space of sl(2)-invariant bilinear differential operators T-\ ® T\ — ► J^x+k-i 

is 2-dimensional if and only if 2 A = — s, where s £ {k — 1, k — 2, k — 3}. This space is spanned 

-i,-- -i,-- 
by Ju ' 2 and I. ' 2 , where 



-l 

I 2 



(<P,<t>) 



if s 
if s 
if s 



A: 
A; 
A: 



and where 



Ju 



(<)0(J). 



i+j=k, i>3 



does not vanish on s((2), but the operator J fe ' 2 vanishes 



We see that the operator I k 
on sl(2). 

Now, if r = —1, — 5 and 2A ^ {1 — A;, 2 — fc, 3 — A;} with k > 3, the space of s((2)-invariant 
bilinear differential operators T T ®T\ — > J^>+A+fc is 1-dimensional. But, in this case, we see 
that the coefficients qj satisfying (|3. 10[) are such that qj = if i < 2 for r = — 1 and Cjj = 
if i < 1 for r = — i. 

Thus, in the super setting, if 2A; > 5, according to equations f)3. 15|) and (|3.16p . we see that 
the space of osp(l|2)-invariant linear differential operator from /C(l) to £>A,A+fc-i vanishing 
on osp(l|2) is one-dimensional. □ 
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4 Cohomology 

Let us first recall some fundamental concepts from cohomology theory (see, e.g., [IS]). Let 
= 00 ©01 be a Lie superalgebra acting on a superspace V = Vg© Vj and let f) be a subalgebra 
of g. (If f) is omitted it assumed to be {0}.) The space of rj-relative n-cochains of g with 
values in V is the g-module 

C n ( ,h;V) :=Hom„(A"( /f));F). 

The coboundary operator 8 n : C n (g, f); V) — > C n+1 (g, f); V) is a g-map satisfying 8 n o8 n -\ = 0. 
The kernel of 8 n , denoted Z n (g, f); V), is the space of f)-relative n-cocycles, among them, the 
elements in the range of 8 n -l are called f)-relative n-coboundaries. We denote B n {g, f); V) the 
space of n-coboundaries. 

By definition, the n th rj-relative cohomolgy space is the quotient space 

H n (g,t r ,V) = Z n (g,i ) ;V)/B n ( 3 ,i);V). 

We will only need the formula of 8 n (which will be simply denoted 8) in degrees and 1: for 
v £ C°(g, f); V) = V\ 8v{g) := (-1)p(9)p(v) g . Vj where 

V* = {veV | h-v = for all ft £ fj}, 

and for T £ C l (g,t);V), 

5(T)( 5 , ft):=(-l)^ T V^ h]) forany gih€g ^ 

According to the Z 2 -grading (parity) of g, for any T £ Z 1 (g,V), we have 

T = r + T" £ Z l { Q - a - V) © Hom( 0i , V) 
subject to the following three equations: 

T '(bi,52]) - 91 ■ T'(g 2 ) +92 ■ T'(5i) = forany #i, # 2 £ 05; ( 4 - 18 ) 

T"([g, h])-g-r"(h) + (-ir^h-V(g) = forany 5 £ g , h £ 0I , (4.19) 

T , ([fti ) ft 2 ])-(-l)P( T )(fti-T"(ft 2 ) + ft 2 -T"(fti)) =0 forany ft x , ft 2 £ (4.20) 

Formulas (l4TT8l) - (|4T20ll show that H^ iff (/C(l); £> Aj/i ) and H^ ff (t)ect(l); D Ai/i ) are closely re- 
lated. Similarly, H^ ifT (/C(l), osp(l|2); £> A)At ) is related to H^ iff (t)cct(l),s[(2); D A)/Lt ). Therefore, 
for comparison and to build upon, we recall the description of Hj iff (oect(l); D AiAt ). Note that 
H^ iff (/C(l), osp(l|2); S)A,/Lt) is also computed by Conley, see [ID] , 

4.1 Relationship between H^ iff (t)ect(l); D A>jU ) and H^ ifr (/C(l); D A , M ) 
Feigin and Fuchs [11] calculated H^ iff (t)ect(l); D AiM ). The result is as follows 



l4 ff (dect(l);D 



IC if /i - A = 0,2,3,4 for all A, 

IC 2 if A = and u = 1, 

IC if A = or A = -4 and u - A = 5, (4.21) 

IC if A = -^p and u - A = 6, 

otherwise. 
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For X-^ e Dect(l) and fdx x G T\, we write 

C x . x+k {Xj- x ){fdx x ) = C x ,x +k {XJ)dx x+k . 

The spaces Hj iff (t>ect(l), Da,A+a) are generated by the cohomology classes of the following 
1-cocycles: 

C x ,x(XJ) = X'f 

C 0tl (X,f) = X"f 

C 0)1 (X,f) = {X'f)' 

Cx,x+2(X,f) = X^f + 2X"f 

Cx,x + s(X,f) = X^f' + X"f" 

Cx,x+4(X,f) = -\X^f + xWf'-6XWf"-4X"fW 

C , 5 {X, f) = 2X^f - 5X^f" + WX^fW + 5X"/ (4) 

cU i(X, f) = 12X^f + 22X( 5 )/' + 5X^f" - WX^fW _ 5X" f^ 

C ai ' ai+6 (X,f) = a t X {7) f-fcX^f'-^X^f"-5XWfW + 5XWf {i) + 2X" f^ , 

(4.22) 

where _ 

_ _ 5+^ _ 22+5^ a _ 31+7^ _ 25+7^ 

u l — 2 ' 1 — 4 ) Ml — 2 7/1 — 2 

Now, let us study the relationship between any 1-cocycle of /C(l) and its restriction to 
the subalgebra dect(l). More precisely, we study the relationship between H^ iff (/C(l); S?a,/j) 
and H ( l liff (t)eci(l); Da iA1 ). According to Proposition 12.11 we see that H^ iff (t)ect(l); 2?a,/j) can be 
deduced from the spaces Hj iff (t>ect(l);D^): 

(oect(l); 2>a, m ) * H* iff (oect(l); D^) © H* iff (aect(l); D A+ i i ' 

(4.23) 

P^ff (t,ect(l);n(D A M+| )) ©H^ (t,ect(l);n(D A+iM )) . 

Moreover, the following lemma shows the close relationship between the cohomolgy spaces 
H x (/C(l); © AiAi ) and H>ect(l); D A)M ). 

Lemma 4.1. TTie 1-cocycle T o/ /C(l) is a coboundary if and only if its restriction T' to 
Dect(l) is a coboundary. 

Proof. It is easy to see that if T is a coboundary of /C(l), then T' is a coboundary of dect(l). 
Now, assume that T' is a coboundary of Uect(l), that is, there exist A £ Sa,/j such that T' is 
defined by 

T'(X f ) = Sty A for all / € K[x\. 

By replacing T by T — 5A, we can suppose that T' = 0. But, in this case, the map T must 
satisfy the following equations 



£ X ^r(X he ) - T([X g ,X h g]) = for all g, h € K[x\. (4.24) 
^T{X h2 e) + £ X £ 2 T(X hie ) = for all h u h 2 e K[x]. (4.25) 



The equation (14.241) expresses the oect(l)-invariance of the map T : n(.F_i) x JT A — > ^v,. 

2 

Therefore, if T is an even 1-cocycle, then, according to Proposition 12.11 we can easily deduce 
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the expression of T from the work of P. Grozman [20]. More precisely, T has, a priori, the 
following form: 



T(X he ){Fa } 



{aihf9)a x - 1 

(a 2 hg + a 3 (±hf' + Xh'f)9)a x 
a A (\hg' + Xti g)a x+l 
as{\hg" + h'g')al 



if n = X - 1 

if /i = A 

if fjL = A + l, A/0,-± 

if (A, //) = (- 1 - 



(afiCV + ^ + orC^ + V/O^a if (A,/z) = (0,l) 
a 8 (hg"-h"g)a if (A, M ) = (-1, 1) 



(a 9 %' + a 10 (/if - if (A, fi) = ±) 







otherwise, 



where ctj € K, /, g G and F = f + g9. But, the map T must satisfy the equation (|4.25[) . 
so we obtain a\ = 04 = 05 = a§ = 0, 03 = — 2a2, 07 = — and aio = — ag. More precisely, 
up to a scalar factor, T is given by: 

{ 5((l-9d e )d x ) if (A,//) = (0,1), 
i(^3x) if (A,/,) = (-i,i), 







if A = /i, 
otherwise. 



Similarly, if T is an odd 1-cocycle, then, T has, a priori, the following form (sec |20j): 



T{X he )(Fa } 



(b 1 hf + b 2 hg)a x ~^ 


if 


/x = A — 


1 
2 


(b 3 (±hf + Xh'f) + b A {\hg' + (A + \)tig)6)a x+1 2 


if 


H = A + 


1 
2 


b 5 (±hf" + h"f)J 


if 


(A,M) = 


(o,|) 


(be(hf" -h"f)+b 7 (\hg" + h'g')0)a 


if 


(A,m) = 




(b 8 (hg" - h"g)9a l 2 


if 


(A,m) = 


(-1,1) 







otherwise, 



where 6« G K. But, the map T must satisfy the equation (I4.25p . so we obtain 65 = 
0, b± = 62, 63 = 64 and 67 = 2b$. More precisely, up to a scalar factor, T is given by: 



T 



if /j, = X + 5, 
if // = A — |, 



r aw 

f(0) 

if (A, / u) = (-i,i), 



otherwise. 
This completes the proof. 

The following lemma gives the general form of any 1-cocycle of /C(l). 



□ 
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Lemma 4.2. Let T G Z^ iff (/C(l); S^A C/p to a coboundary, the map T /ias i/ie following 
general form 

T(X F ) = J> m , A + eb mtk )rj k (F)fj m , (4.26) 

m,fc 

where the coefficients a m)k and b mk are constants. 

Proof. Since —if = d x , the operator T has the form (14. 26ft . where, a priori, the coemcients 
a m ^k and b myk are functions (see [K]), but we will prove that, up to a coboundary, T is 
invariant with respect the vector field X\ = d x . The 1-cocycle condition reads: 

£,%(T(X F )) - (-1)p™ t )£^(T(X 1 )) - TdX^Xp]) = 0. (4.27) 

But, from (|4.22p . up to a coboundary, we have T(Xi) = 0, and therefore the equation (|4.27p 
becomes 

Z%(T(X F ))-T([X 1 ,X F ]) = 
which is nothing but the invariance property of T with respect the vector field X\. □ 

Lemma 4.3. Any 1-cocycle T G Z\ m {K{\); 2?a,u) vanishing on osp(l|2) is osp(l| 2) -invariant. 

Proof. The 1-cocycle relation of T reads: 

(-1)p( f MV^t(X g ) - (-1)p( g )(p( f )+p( t ))£^T(X f ) - T([X F , X G ]) = 0, (4.28) 

where X F , X G G /C(l). Thus, if T(X F ) = for all X F G osp(l|2), the equation (jOgjl 
becomes 

(-1) P(F)P(T) £^T(X G ) - T([X F , X G }) = (4.29) 

expressing the osp(l|2)-invariance of T. □ 

Lemma 4.4. (141 Lemma 3.3.) Up to a coboundary, any 1-cocycle T G Z\ iS {K-{l);D\^) 
vanishing on sl(2) is osp(l\2) -invariant. That is, if T(Xi) = T(X X ) = T(X X 2) = 0, then the 
restriction of T to osp(l|2) is trivial. 

Proof. Recall that, as s((2)-module, the subalgebra osp(l|2) is isomorphic to sl(2) © o, where 
a = Span(JQ), X x g). Consider a linear operator A : a — > D A „, By a straightforward com- 
putation, we show that if A is sl(2)-invariant, then = X — ^ + k, where k G N and the 
corresponding operator A k has the following expression 

A k (X h0 )(fdx x ) = a k (hfW + k(2X + k- l)^/ (fe_1) ) dx x -^ +k , (4.30) 

where 

k(k - 1)(2A + k - 1)(2A + k - 2)a k = 0. 

Now, consider T G Z\ iS (JC{l); £> A>jU ) such that T(X X ) = TpQ = T(X X 2) = 0. The 
1-cocycle relations give, for all h, hi, hi polynomial with degree or 1 and g polynomial with 
degree 0, 1 or 2, the following equations 

£^T(X M ) - T{[X g , X M ]) = 0, (4.31) 
2 x / hi J(X h2 e) + 2 x / h2 T(X hl9 ) = 0. (4.32) 
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1) If T is an even 1-cocycle, then, according to Propostion 12.11 its restriction to a is decom- 
posed into two maps: a — > II(D A+ i ) and o — > II(D A + i). The equation (|4.3ip tell us that 
these maps are sl(2)-invariant. Therefore, their expressions are given by (|4.3Qj) . So, we must 
have /j = \ + k = (\ + 7}) — \ + k (and then / u + ^ = A — | + + 1). More precisely, using 
the equation (14.32R , we get (up to a scalar factor) : 



T 



|osp(l|2) 



if k(k - 1)(2A + k)(2X + k-l)^0 or k = 1 and A $ {0, --}, 

-k k 



8(0d e d*) if (A,/i)= (— ,- 



5(d k x - 9d e d k x ) if (A,m) 



1-k l+k 



or A = /i. 



2) Similarly, if T is an odd 1-cocycle, we get: 



T 



|O0 P (1|2) 



if k{k- 1)(2A + fc- 1) / 0, 
if = A — 2, 
if /x = A + 1 



r o 

6(6) 

6(d ) .. , .,. 

L <5(09*) if (A, M ) = (¥s§)- 



□ 



Now, we can compute Hj iff (/C(l); S> )At ) and the osp(l|2)-relative cohomology 
H^ iff (/C(l), 05p(l|2); S?A,/i)- Let T be any 1-cocycle over /C(l). According to Proposition 12.1 
we have 



T| 0e ct(i) GH^ ff (t)ect(l);D A)M )eH^ ff (eect(l);D A+ i i) if T is even 



and 



T| oect(1) eHi iff (t)ect(l);n(D A)M+ i))eH^ iff (oect(l);n(D A+ i M )) if T is odd. 



We know that non-zero cohomology H^g- (uect(l); Da,A') om Y appear if A' — A G N. Thus, 
according to Lemma I4.1} the following statements hold: 

i) If M -A£ i(N-l),thenHi iff (/C(l);S) A)/1 )=0. 

ii) If \i — A is integer, then Hj iff (/C(l); 2?a,^) is spanned only by the cohomology classes of 
even cocycles. 

iii) If fi — X is semi-integer, then H^ ff (/C(l); S?A,/x) is spanned only by the cohomology classes 
of odd cocycles. 



4.2 The space ^(£(1), osp(l|2); S) A)M ) 
The main result of this subsection is the following: 
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Theorem 4.5. dimH^ iff (/C(l), osp(l|2); £> A)/Lt ) = 1 if 



\ - 3 

A - 2 



A 
A 
A 
A 



and A ^ — 4, 
/or a// A, 
and A —1, 
and A G {0, -§}, 
and A 



-7±y/33 



Otherwise, l4 ff (/C(l), osp(l|2); £ A , M ) = 0. 

ITie corresponding spaces H^ iff (/C(l), osp(l|2); £) A A+ fe ) are spanned by the cohomology 

classes of T 



where k G {3, 4, 5, 6, 8}. 



A,A+^ 



Proof. Note that, by Lemma 14.11 the osp(l|2)-relative cocycles are related to its homologous 
in the classical setting, and by Lemma 14.31 they are supertransvectants. Bouarroudj and 
Ovsienko [9] showed that 



l4 ff (oect(l),al(2);D 



A,A+fc. 



if 



k 
k 
k 
k 
k 



2 and A / -\, 

3 and A ^ —1, 

4 and A / -§, 

5 and A = 0, -4, 

6 and A = -^3^, 



(4.33) 



otherwise. 



These spaces are generated by the cohomology classes of the following non-trivial s((2)-relative 
1-cocycles, A X)X+k : 



A/ 



l 

2' 



2 

2A+1 



A/-1, 

A(2A+1) 



A/ 



3 
21 



A XiX+2 (X,f) = 
A XiX+3 (X,f) = 
A XiX+ 4(X, /) = 

A 0>5 (xj) = sx^f + i5X^f" - lox^f^, 

A_ 4 ,i(X, /) = 28AT( 6 )/ + 63X^f + 45X^f" + WX^ f^ 

A^ a . +6 (X,f) = a t X^f - mX^f - \2Q lt X^f" - 210r,X( 4 )/( 3 ) + 210X( 3 )/ 4 

where t\ = — 2 + VT9 and r 2 = — 2 — \/l9- The a^, «j, and 7, are those given in (|4.22p . 

So, we see first that if 2(/i — A) ^ {3, ... , 13}, then by Lemma T4.ll the corresponding 
cohomology Hj iff (JC(l), osp(l|2); £>a,^) vanish. Indeed, let T be any element of 
Z^ iff (/C(l), 05p(l|2); T> x M ). Then by (|4.33p and (|4.23|) . up to a coboundary, the restriction of 
T to Oect(l) vanishes, so T = by Lemma 14.11 By the same arguments, if 2{^ — A) > 9, 
generically, the corresponding cohomology vanish. 

For 2(fi — A) G {3, . . . , 13}, we study the supertranvectant 3~1 A+1 - If it is a non-trivial 1- 
cocycle, then the corresponding cohomology space is one-dimensional, otherwise it is zero. To 

satisfying 8(3Z- X +i) = ^> we cons ider the two components 



study any supertranvectant satisfying S (3 1 



of its restriction to Oect(l) which we compare with A Xjfl and A x+ i or ^4 A+ i ^ and A x 



depending on whether A — ^ is integer or semi-integer. For instance, we show that $ 5 1,A is a 1 

2 

cocycle. Moreover, it is non-trivial for A / — \ since, for g, f G K[x], we have Zl, ' {X g )(f) = 
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-9Ax ; x+2 (9, f) ■ More precisely, we get the following non-trivial 1-cocycles: 
T xx+l (X G )(Fa x ) = lj(G")Fa x+ l for A + -±, 

T A A+ |(X G )(Fa A ) = [2\1){G^)F - m){G")F' - (-l^G^F)) a A+ l for A / -1, 
T A ,A+2(A: G )(Fa A ) = (|AG( 3 )F - (-l)PWr)(G")rj{F)) a A + 2 for all A, 
T A , A+3 (X G )(Fa A ) = {{-iy^{G")l){F') - 2A±i ((-l)P(G)^ G (3)^ (jF) + G (3) F /) 

+ A(2A ± l) G (4) jF ^A + 3 for A = Qj _5 ; 

T w (X G )(Fa x ) = {[-iy^r){G")l){F") - ^+^(2(-l)P( G )rj(G^)fj(F f ) + G&F") 

+ (A+l)(2A+l) ^_ 1)p(G) - (G ,(4) ) - (F) + 2G (4) F /) 
| a A+4 forA = ^74V33_ 

□ 

4.3 The space Hi iff (/C(1);S)A, M ) 

Theorem 4.6. drmH^ iff (X:(l);S)A, At ) = 1 if 

/j, — A = /or a// A, 

[i — A = I /or a// A, 

^ — A = 2 /or a/Z A, 

/U — A = I /or a// A, 

j u-A = 3 and A G {0, —5}, 

^-A = 4 <mrf A = ~ 7± /^ . 

dimHi iff (/C(l);D i) = 2. Otherwise, ^(£(1); S) A ^) = 0. 

JTie spaces H^ iff (/C(l); S) A ^) are spanned by the cohomology classes of the 1-cocycles T Aj/i 
given in Theorem \4-5\ and by the cohomology classes of the following 1-cocycles: 

T A>A (X G )(Fa A ) = G'Fa x , 

T Ql _(X G )(F) = r)(G')Foth, 

T i(X G )(F) = 7?(G'i>l, 

T_i 5l (X G )(Fa-5) = (r?(G")F + ?7(G , )F / + (-l)P( G )G"r?(F))a 

T_ li 3(X G )(Fa~ 1 ) = ({-iy( G XG"'rj{F) + 2G"r}(F')) + 2rj{G")F' + r){G')F"^ai . 

Proof. First, we recall the structure of the space H ( l liff (osp(l|2); S) AjA1 ) computed in [6]: 



Hi ifr ( 0S p(l|2),D A , A 



K if A = n, 

K 2 if A = if^, fx= |, fceN\{0}, (434) 
otherwise. 



Note that Hi iff (/C(l),o 5 p(l|2);D AiM ) C Hij ff (/C(l), S) A)/1 ). Moreover, if M ^ A, then by 
(|4.34p and Lemma I4"H we can see that H^ iff (/C(l), osp(l|2); 2) AiAt ) = H^ iff (/C(l); £> AjA1 ), except 
for 

(A, M )e{ (0,i),(-i,l),(-l,|),(-|,2),(-2,f) }. (4.35) 
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Indeed, let T be any non-trivial element of Z^ iff (/C(l), where fi ^ A. If ^ (if 4 , §) 

where G N \ {0} then, by (|4.34j) . we can see that Ti 0S p(i| 2 ) is trivial, therefore, we de- 
duce by using Lemma 14.31 that the 1-cocycle T defines a non-trivial cohomology class in 
Hi iff (/C(l),osp(l|2);2)A, M ). If (A,aO = (if 4 , |) where fc e N \ {0} then, by (IOTP , we can 
see that, up to a coboundary, generically the 1-cocycle T vanishes on dect(l) and then we 
conclude by using Lemma H3] since sl(2) C t>ect(l). 

Thus, we need to study only the case fi = A together with the singular cases (|4.35[) . 
According to Proposition 12, 1\ if fi — A is integer, then 

l4 ff (eect(l);2) v ) ^ H* iff (oect(l); D A)M ) © H* iff (eect(l); D A+ i ) , 

and if [i — A is semi- integer, then 

(Dect(l);S) v ) ~ (eect(l); H(D A+ i © (t>ect(l); H(D A ^ +| )) . 

Thus, we deduce H^ iff (dect(l); D A , M ) from (|43T|) . 

Now, let T be a 1-cocycle from /C(l) to D^, that is, T is even. The map T\ vtct (i\ is a 
1-cocycle of occt(l). So, up to a coboundary, we have (here a,j3GK) 

$a,a o T, Dect(1) = oCa.a + ^A+i.A+i- ( 4 -36) 

By Lemma l4.lt the 1-cocycle T is non-trivial if and only if {a, (5) ^ (0,0). By Lemma 14.21 
we can write 

T(X he ) = Y,bm,k^ k) ed™ + Y^ln^ded™, 

m,k m,k 

where the coefficients b m ^ and b m ^ are constants. Moreover, the map T must satisfy the 
following equations 

T([X g ,X he j) = Q X /r(X he )-2 X / h J(X g ), 

We solve the equations (j4.36j) and (|4.3T[> for a, f3, bk : m, b m ^. We prove that H^ ff (A^(l); 2)a,a) 
is spanned by the non-trivial cocycle Y\\ corresponding to the cocycle 

$ a,a (Ca,a + C a+ i a+ i) 

via its restriction to Oect(l), see (I4.22p . 

For the singular cases (|4.35|> . by the same arguments as above, we get: 

i) H^ iff (/C(l); S) i) is spanned by the non-trivial cocycles T Q i and T Q i corresponding, 
respectively, to the cocycles $~\ o LT o (—Co i) and &~\ o H o (Ci i — C$ i), via their 
restrictions to dect(l). 

ii) H^ iff (/C(l); 2)_ 1 1 ) is spanned by the non-trivial cocycle T_i 1 corresponding to the 
cocycle $~\ o n o (Co,i — C_i 3) via its restriction to Dect(l). 
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iii) H^ iff (X^(l); 2?_ 1 3 ) is spanned by the non-trivial cocycle T_ 1 3 corresponding to the 
cocycle 3 o IT o (C_i 3 — 3C_i 2) via its restriction to Dect(l). 

-1,3 2'2 

iv) Hi iff (/C(l);S)_| )2 ) = Hi iff (/C(l);S)_ 2! |) = 0. 

□ 

5 Deformation Theory and Cohomology 

Deformation theory of Lie algebra homomorphisms was first considered with only one-parameter 
of deformation |14 |, 123 ( 126]. Recently, deformations of Lie (super)algebras with multi-parameters 
were intensively studied ( see, e.g., [H [3j [6j [23] EH] ) • Here we give an outline of this theory. 

5.1 Infinitesimal deformations and the first cohomology 

Let po ■ Q — > End(y) be an action of a Lie superalgebra q on a vector superspace V and let 
i) be a subagebra of q. When studying ^-trivial deformations of the g-action po, one usually 
starts with infinitesimal deformations: 

p = po + tr, (5.38) 

where T : q —* End(y) is a linear map vanishing on f) and t is a formal parameter with 
p(t) =p(T). The homomorphism condition 

[p(x),p(2/)] =p([x,y]), (5.39) 

where x,y 6 g, is satisfied in order 1 in t if and only if T is a f)-relative 1-cocycle. That is, 
the map T satisfies 

(-l)K*)KT) Mx))X(y)] _ (_i)^)(K-)+p(T)) [po(y))T(x)] _ T([X! y]) = o. 

Moreover, two rj-trivial infinitesimal deformations p = po + tYi, and p = po + tT 2 , are 
equivalents if and only if Ti — T2 is f)-relative coboundary: 

(Tx - T 2 )(x) = (-lT^ p ^[po(x), A] := SA(x), 

where A £ End(y) f) and 5 stands for differential of cochains on g with values in End(F) (see, 
e.g., [13 [23]). So, the space H 1 (g, rj; End(V)) determines and classifies infinitesimal deforma- 
tions up to equivalence. If dim(H 1 (g, fj; End(V))) = m, then choose 1-cocycles Ti,...,T m 
representing a basis of H 1 (g, h; End(V)) and consider the infinitesimal deformation 

m 

p = Po + ^UTi, (5.40) 
i=i 

where ti, . . . , t m are independent parameters with p(ti) = p(Tj). 

Since we are interested in the osp(l|2)- trivial deformations of the /C(l)-action on S^, 
we consider the space H^ iff (/C(l), osp(l|2); End(6o)) spanned by the classes T AA+ fe, where 
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k = 3, 4, 5 and 2(/3 — A) G {k, k + 1, . . . , 2n} for generic /3. Any infinitesimal osp(l|2)-trivial 
deformation of the /C(l)-module 6^ is then of the form 

£>x F = £ Xl , + (5-41) 
where £x F is the Lie derivative of 6^ along the vector field Xp defined by (|2.4p . and 

A fc=3,4,5 

where the t AA+ fc are independent parameters with p(t xx+ k) = p(T xx+ k) and 2(/3 — A) G 
{fe, fc + 1, . . . , 2n} . 

5.2 Integrability conditions and deformations 
over supercommutative algebras 

Consider the supercommutative associative superalgebra with unity C[[t\, . . . ,t m ]] and con- 
sider the problem of integrability of infinitesimal deformations. Starting with the infinitesimal 
deformation (15.40p . we look for a formal series 

m 

p = po + E li Ti + E pi? + • • • > ( 5 - 43 ) 

i=l ij 

where the higher order terms p\j iP\A^ ■ ■ ■ are linear maps from g to End(V) with p{p\j ) = 
p{titj),p{p i:j ! k ) = p(titjt k ), . . . such that the map 

p:fl->C[[ti,...,t m ]]®End(V), (5.44) 

satisfies the homomorphism condition (|5.39p . 

Quite often the above problem has no solution. Following [14] and [I], we will impose 
extra algebraic relations on the parameters t\, . . . ,t m . Let 1Z be an ideal in C[[ti, . . . , t m ]] 
generated by some set of relations, and we can speak about deformations with base A = 
C[[h, t m ]]/TZ, (for details, see jH]). The map (|5l3j) sends q to A End(V). 

Setting 

<pt = p- po, = E fi Ti > p {2) = E Pif 

we can rewrite the relation (|5.39j) in the following way: 

[n(x),pQ(y)] + \pQ(x),<pt(y)]-n([x,y])+Y, [p {l) (x), P U) (y)} = 0- (5.45) 

i,j>0 

The first three terms are (5(pt)(x,y)- For arbitrary linear maps 71, 72 : — * End(V), 
consider the standard cup-product: [71,72] : <8> — ► End(F) defined by: 

bl,T2](x,v) = (-I) p(72)(p(7l)+P(x)) [7i(^),72(y)] + (-l) p(7l)pW [ 72 (x),7i(y)]. (5.46) 
The relation (|5.45p becomes now equivalent to: 

6<f>t + \l<Pt,<Pt] = 0, (5.47) 
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Expanding (|5.47p in power series in t±, . . . ,t m , we obtain the following equation for pW: 



6 P [k) + 2 E lP {i \p U) }=0. (5.48) 

i+j=k 

The first non-trivial relation 5p^ + \\p^~ \ p^'J = gives the first obstruction to integra- 
tion of an infinitesimal deformation. Thus, considering the coefficient of fytj, we get 

^g ) + ^[T f ,T i ] = 0. (5.49) 

It is easy to check that for any two 1-cocycles 71 and 72 6 Z 1 (g, h; End(V)), the bilinear map 
[7ii72] is a f)-relative 2-cocycle. The relation f|5.49j) is precisely the condition for this cocycle 
to be a coboundary. Moreover, if one of the cocycles 71 or 72 is a h-relative coboundary, then 
[7ii72l is a [^-relative 2-coboundary. Therefore, we naturally deduce that the operation (|5.46j) 
defines a bilinear map: 

H^g, h; End(V)) ® H^g, h; End(V)) — > H 2 (g, h; End(V)). (5.50) 

All the obstructions lie in H 2 (g, h; End(V)) and they are in the image of H 1 (g, fj; End(V)) 
under the cup-product. 

5.3 Equivalence 

Two deformations, p and p' of a g-module V over A are said to be equivalent (see [H] ) if 
there exists an inner automorphism of the associative superalgebra A <8> End(y) such that 

^ o p = p and = I, 

where I is the unity of the superalgebra A (g> End(V). 

The following notion of miniversal deformation is fundamental. It assigns to a g-module 
V a canonical commutative associative algebra A and a canonical deformation over A. A 
deformation (15.431) over A is said to be miniversal if 

(i) for any other deformation p' with base (local) A', there exists a homomorphism tj) : 
A' — > A satisfying tp(l) = 1, such that 

p = (tp (8) Id) o p. 

(ii) under notation of (i), if p is infinitesimal, then tp is unique. 

If p satisfies only the condition (i), then it is called versal. This definition does not depend 
on the choice 1-cocycles Ti, . . . , T m representing a basis of H 1 (g, f); End(V)). 

The miniversal deformation corresponds to the smallest ideal 1Z. We refer to [14] for a 
construction of miniversal deformations of Lie algebras and to [TJ for miniversal deformations 
of g-modules. Superization of these results is immediate: by the Sign Rule. 
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6 Integrability Conditions 

In this section we obtain the integrability conditions for the infinitesimal deformation (|5 . 4 1 [) . 

Proposition 6.1. The second- order integrability conditions of the infinitesimal deforma- 
tion ^5.4 1\ ) are the following: 

* A ,A+| *a+§,a+5 = °' where 2(0 -A) €{10, ...,2n}. (6.51) 
To prove Proposition 16.11 we need the following lemmas 
Lemma 6.2. Consider a linear differential operator b : /C(l) — ► ®a,u- Ifb satisfies 

5(b)(X, Y) = b{X) = for all X G osp(l|2), 
then b is a supertransvectant. 
Proof. For all X,Ye )C(1) we have 

5(b)(X,Y) := (-l) p W p W£^(6(Y)) - (-l)P( Y )(p( x )+P( b )) £^(b(X)) - b([X,Y}). 
Since 6(b)(X,Y) = b(X) = for all X G osp(l|2) we deduce that 

(_1)?W)£^(6(7)) _ b([X,Y]) = 0. 
Thus, the map b is osp(l|2)-invariant. □ 

Lemma 6.3. The map B\\ +5 = [T A+ s A+5 , T AA+ s] is a non-trivial osp(l| 2) -relative 2- 
cocycle for A 7^ 0, —1, — |, — |. 

Proof. First, observe that for A = — 1, — |, the map 5a,a+5 is not defined (see Theorem 14. 5p . 
The map -Ba,a+5 is the cup-product of two osp(l|2)-relative 1-cocycles, so, -Ba,a+5 is a osp (Ir- 
relative 2-cocycle: -E>a,a+5 € Z 2 (/C(l), osp(l|2); £>a,a+s)- This 2-cocycle is trivial if and only if 
it is the coboundary of a linear differential operator 

^A,A+5 : £(1) — ► S A ,A+5 

vanishing on osp(l|2). Consider 6a, a+5 as a bilinear map 3-i (g> 5a — ► 3A+5- So, according 
to Lemma 16. 21 and Theorem 13. 2\ the operator 6a, A+5 coincides (up to a scalar factor) with the 
supertransvectant 3§ • But, by a direct computation, we have, up to a multiple 

£ AiA+5 (X ffl , X 92 )(Fa A ) = \ < i ) - gf\f) (2A/ - (2A + 9)/^) a A + 5 , 

^ 6 -^)(X 9l ,X 92 )(Fa A ) = ( g i 3) ^ 4) - g i 4) g f)( A(2A+3) y +6A+8) /o+ 

| (2A+l)(A+3)(,4A 2 +28A+45) ^^A+5^ 

where 51 , 92 € and F = fo + fiO € K[x, 0] . Therefore, the restrictions of the maps i?A,A+5 
and 8(3q 1,A ) to oect(l) x Dect(l) are linearly dependant if and only if 

A(A + 1)(2A + 7)(2A + 9)(4A + 9) = 0. 
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Thus, the maps i?A,A+5 and 5(3g 1,A ) are linearly independent for A 7^ 0,-1, — |, — |, — |. 

Besides, we check that the maps i?_9 u and <5(3« ' 4 ) are also linearly independent although 

4 ' 4 

their restrictions to oect(l) x dect(l) are linearly dependant. Finally, for A = 0, — |, we check 



2' 

that £?a,a+5 coincides (up to a scalar factor) with 5(3 6 ' ). This completes the proof. 



□ 



Remark 6.4. The map -E>a,a+5 : /C(l) (g> /C(l) — > ^x,x+5 is a non-trivial 2-cocycle, so, 
H2 iff (/C(l),osp(l|2);S) AiA+5 ) / while H3 ffi (t>erf(l),s[(2);b A , A+5 ) = for generic A (see 0). 
Hence, for the second cohomology, the analog of Lemma 14.11 is not true. 



Proof, of Proposition [6TTJ Assume that the infinitesimal deformation (|5.4ip can be integrated 
to a formal deformation: 

lx F =Zx F +4 ) F +2x F + --- 

(2) 

The homomorphism condition gives, for the term £ A ' x , , in t\^t\i ^i, the following equation 

(6.52) 

For arbitrary A, the right hand side of (|6.52p yields the following 2-cocycles: 



Bx,X+3 

B 
B 

-Ba,A+4 



A.A+l 
A,A+1 



B 
B 



A,A+4 
A,A+4 



B 

Bx,X+5 



A.A+f 



Pa+§,A+3> T A,A+f ] 

[T A+ | iA+ r, T A)A+ | 

I T A+2,A+|> T A,A+2] 



[T 

[T 

[T 
[T 

[T 

[T 



A+f ,A+4 



T, 



A,A+fJ 



A+|,A+4' ^A.A+fJ 
A+2.A+4, T AjA+ 2] 



A+f ,A+i 



T 



A,A+i 



A+2,A+|' ^A.A+21 



A+|,A+5 



A,A+f J 



JC(l) 


<8>/C(l) 


/C(l) 


<8>/C(l) 


K(l) 


®/C(l) 


JC{1) 




K(l) 




K(l) 




K{1) 


®K,{l) 


/C(l) 


<8>/C(l) 


/C(l) 





A.A+Z' 
; A,A+|' 



Sa,A+3 5 

£>A,A+4, 
®A,A+4, 
£>A,A+4, 
3 A,A+§: 



ID 
2) 



A,A+5- 



(6.53) 



The necessary integrability conditions for the second-order terms £^ are that each 2- 
cocycle _B AjA+ fc, where 2k = 6, 7, 8, 9, 10, must be a coboundary of a linear differential op- 
erator b\ t x+k '■ £(1) — ► £) AiA+ £;, vanishing on osp(l|2). More precisely, as in the proof of 
Lemma 16.31 the operator & A;A +fc coincides (up to a scalar factor) with the supertransvectant 



3k+i- Clearly, 



-E>A,A+4 — -Ba,a+4 



3B 



A.A+4, 



B 



-B 



B 



x,x+% 



-B 



A,A+| 
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and, by a direct computation, we check that 

B XM3 (X Gl ,X G2 )(Fa x ) = {-2(-iy( G ^G';)v(G'>)F)a^\ 

2(-iy^)f}(G'0fj(G^)r}(F))a x +^ 

B XM4 (X Gl ,X G2 )(Fa*) = (-2A(-1)^) (rj(G®)rj(G») + rj(Gl)r}(G® )) F+ 

(_l)p(G 2 ) ^-1)p(Gi)^ G '1)G^ ] - Gf ) r](G'^r](F)+ 
6(-l)P^r](G';)f](G^)F')a x+ \ 



B x ,MX Gl ,X G2 ){Fa x ) = (f (2A + 5) (-1)^00^(0?) -^(cfjcf F+ 



2A (f}(G'{)G^ - (-l^M^G^G^) F+ 

(2A + (r?(G;')rj(Gf) + rj(GS 3) )rj(G' 2 ')) 

(2A + 1) (?j(G?)G< 3) - (-1)^)gS 3) 7?(G' 2 ')) F'- 
6 (_l )P (G 2 )^ G // MG // MF / ) N ) a A + § ) 



where Gi, G2, F £ K[x, 6]. Besides, we can see that 

j. td X ,~-1M u t A(2A + 5) ^2A + 3^ 
Ca^a,a+3 = <5(J 4 ), where Ca = 1 1 2 j ' 

r A^-i-^ >, 6A + 9/2A + 4A 

«A# A ,A+f = 5 Wi )> where a x = — ^ — 1 3 J ' 

u r 2A2 + 7A + 2 /2A + 4\ 
Pa#a,a+4 = o(3 5 ), where (3\ = - I 2 j ' 

r «^ u 3A + 6/2A + 5A 

7A-B AA+ 9 =i(Ju ), where 7 A = — - — I g 1 . 

Now, by Lemma [6T3l -Ba,a+5 is a non-trivial osp(l|2)-relative 2-cocycle, so, its coefficient 
must vanish, that is, we get the first set of necessary integrability conditions: 

t x>x+ l i A +|,A+5 = 0. where 2(/3-A) G {10, 2n}. (6.54) 

The equations (I6,54|) are the unique integrability conditions for the 2nd order term & 2 \ 
Under these conditions, the second-order term £( 2 ) can be given by 



£(2) = - Ea C A \+* ,A+3*A,A+§3 



-1,A 



1 



Ea «a 1 ( t A+|,A+| t A,A+f ~ *A+2,A+|*A,A+2)^9 



- Ea P\ 1 (*A+|,A+4*A,A+| + *A+f,A+4*A,A+§ + I*A+2,A+4*A,A+2)35 ^ 
-Ea^a (*A+iA+|*A,A+| - *A+2,A+|*A,A+2)5ii ' • 

2, 2 2 1 2 2 

□ 

To compute the third term we need the following two lemmas which we can check 
by a direct computation with the help of Maple. 
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Lemma 6.5. 



2~ 



1) C^ftn 



> or 1,A ]+ci»[a 



^ A-(- — 

A+f $4 2 ' T A,A+f- 



2) ar! 3 [a 9 

A_r 2 2 



' T A,A+|] 



3)^3^5 



i r,-^+l 



' T A,A+I 



- A+4,A+^-'- 



, 3 5 1,A ] + £5,A « A 1 P A+ 7 A+ n , I + 

l 2 2 

e6,A«A+2p9 ' ' ^A,A+2], 

2 



o-1,At 



4) a7 x [T 



.-1,A T 



A+i,A+6' 



fl.AOA 1 I T A+l,A+5' 39 1,A 1 +e 2 ,AC A 1 I T A+3,A+5, 3 4 ] + 
£3, A 5(3 

£ o-l ir^-l,A+2 



T 



-1 ir<v _1 >^+3 
A,A+2j + £8,A a A+ 5 b> 9 : 



e9,A5(3 7 1,A ), 



T A,A +f l + 



5) 7A"+ 2 Pn ' A+2 , T A , A+2 ] 

2 



eio.A^P 
e 12, A 7a 1 1^ A+ 1 . A+ i2 ' 3 



\ I! - A+4,A+f > 3 5 1,A ] + en iA /3 A _J s [3 5 ' 2 ' T 



A,A+ 



;1+ 



i' A ], 

2 



where 
ei,A 

£2, A 
£3, A 

£4, A 

£5,A 

£6, A 



(2A+ll)(2A+9)(A+2) 
2(A+3)(2A 2 +3A-17) ' 

15(2A+5)(A+4) 
2(A+3)(2A 2 +3A-17) 

48 

A(A+3)(2A+3)(2A+5)(2A 2 +3A-17) ' 

(2A+9)(2A+3)(2A 2 +7A+2) 
(2A+7)(2A+1)(2A 2 + 13A+17) 

3(2A+9)(2A4-3) 2 

2(2A+7)(2A+1)(2A 2 + 13A+17) 

3(2A+7) 
2(2A 2 + 13A+17) 

^A(A + 4)(2A + 3)(2A + 5) ' L>A ' 



e 7,A 

£8, A 
£9, A 

£10, A 

£ll, A 

£12, A 



5(6A 2 +33A+17)(2A 2 + 15A+24) 
2(A+5)(A+2)(2A-3)(2A 2 + 13A+13) ' 
(2A+9)(2A+5)(A+7)(2A 2 + llA+4) 
2(A+5)(2A-3)(A+2)(2A 2 + 13A+13) ' 

60 

(2A+3)(2A-3)(A+3)(A+4)(2A 2 + 13A+13) ' 
(A+5)(A+2)(2A 2 +7A+2) 

9(A+4) 2 (A+1) ' 
(2A 2 + 17A+32) 

9(A+4) ' 
(A+2) 2 (A+5) 
(A+4) 2 (A+1) ' 



Lemma 6.6. Each of the following systems is linearly independent 
1) 



ITa+£.A+5> ^9 ' 1 



[Ta+3,A+5, Zi 1, ]) [3 4 1,A+2 ' T A,A+2l, 5{2q 1,X , 



2) 

3) 

4) 
5) 



V!-4,A+±± ; 5 5 1,A ], [T A+ 7 A+ ii, \2 



[T 



T A>A+ s], 50~J' X ) 



£ 1,A+2 , Ta,a+2], [T A+3 A+ n, 3 4 1,A 1 



I^A+S,A+6' ^xx 

. K 2 

[3 9 



[T A+ 4,A+6, 3s 1,A 1, [3 5 



'11 

2 



' A,A+i 



-l,A+2 ~~ T 
, lA,A+2| 



, t AiA+ 6], 5(a 7 ' ) 

_• vl-,-" II ■ II - ' A+ " 
2 

<v-1,Ati ir-y-M+f 



[T A+4)A+ 13, 3 5 ' ], [3 5 

[T A+|iA+7 , Zt'\ 13 



T A,A+§1> IT 



A+f,A+^> 



13, J IX 1 ' ], $(3ll' X ) ) ' 



T 

' A,A+ 



-1,A- 



Now, we are in position to exhibit the 3rd order integrability conditions. 

Proposition 6.7. The 3rd order integrability conditions of the infinitesimal deformation \5.1± 1\ ) 
are the following: 
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a) For 2(0- A) € {10, . . . , 2n} : 

*A,A+| ( e l,A*A+3,A+5iA+|,A+3 + ( X ~ 6 1,a) *a+|,A+5*A+| ,A+|) = °. 

*A,A+§ (e2,Ai A +|,A+5*A+f,A+| _ ( X + £ 2,a) *A+3,A+5*a+|,A+3) = °' 
*A+|,A+5*A+2,A+f *A,A+2 = 0. 

b) For 2(0- A) e {11, . . . , 2n} : 

*A+4,A+^ *A+| ,A+4*A,A+f = *A,A+|*A+3,A+^*A+|,A+3 = °' 
(3(l + 6 4 , A )t A+| 

,A+4*A,A+| + *A+2,A+4*A,A+2 

) + 

+ e 4,Ai AiA+ 3t A+ 7 A+ nt A+ | A+ | =0, 

*A+|,A+4± (C 1 + ^)*A+f,A+|*A,A+f -*A+2,A+l*A,A+2) + 
+ e 5 ,A *A+4,A+^- t A+|,A+4*A,A+| = °' 

e 6,A*A,A+f f*A+4,A+^*A+f,A+4+ 3*A+|,A+^*A+f,A+|) + 
+iA,A+2 (i A+ | iA+ ni A+2 , A+ | -tA+4,A+^*A+2,A+4) = 0. 

c) For 2(0 -A) G {12, . . . , 2n} : 

*A+§,A+6 (*A+|,A+§*A,A+| " *A+2,A+| t A,A+2) = 0, 

*A,A+f (*A+4,A+6£a+§ ,A+4 ~ *A+|,A+6*A+f ,A+|) = °> 
*A+4,A+6 (3t A+ | A+4 t A A+ | + 3t A+ 5 )A+4 t AjA+ 5 + t A +2,A+4tA,A+2) = 0, 

*A,A+2 ^(1 - e7,A)*A+|,A+6*A+2,A+| + *A+§,A+6*A+2,A+§ + 3*A+4,A+6*A+2,A+4^ + 

+ e7,Ai A+ | iA+6 iA+f,A+|*A,A+f = ' 
e8,A*A+f,A+6 (t A+ | iA+ 7t A A+ | -t A+2jA+ 7t AiA+2 ) + 

+ (*A+4,A+6* A+ f , A+4 - *A+| ,A+6*A+f ,A+|) *A,A+f = °- 

d) For 2(0 - A) € {13, . . . , 2n} : 

*A+4,A+f ^A+f,A+4*A,A+§ + *A+f ,A+4*A,A+f + (g ~ e 10,A)*A+2,A+4iA,A+2^ + 

+ eio,A*A,A+2i A+ | iA+ wi A+2 , A+ | = °> 

*A,A+f (^A+4,A+f *A+f,A+4 + 3 *A+f ,A+f *A+| ,A+§ ) + 
+ eil,A*A,A+2 (*A+§,A+f *A+2,A+§ - t A+4]A+ wiA + 2,A+4) = 0, 
i A+ | jA+ w (i A+ | )A+ 9t A A+ B + (ei2,A - l)t A+2 , A+ |iA,A+2) - ei2,AiA,A+2i A+4iA+ ^iA+2,A+4 
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e) For 2((3 -A) G {14, . . . , 2n} : 

*A+f ,A+7*A+2,A+§*A,A+2 = * A ,A+f *A+f ,A+7 t A+| ,A+| = °" 

Proof. Considering again the homomorphism condition, we compute the 3rd order term £( 3 ) 
which is a solution of the Maurer-Cartan equation: 



<5(£(3)) = _1 £(2)J + | £ (2) ) £ (l)j) (6 . 55) 

The right hand side of (|6.55p together with equation (|6.5ip yield the following maps: 



Q\ \_l_9 
A ' A +2 


= flit) [T\ , n , , 


_9 , 


57 1,A ]+^i(i)p 4 1,A+ ^ 


T n+ 3] 


/C(l) 


®/C(l) - 


A,A- 


-11 ! 


^A,A+5 


= PaC*) I t a+|,a- 


1-5' 


^ 1,A ]+^ 2 (i)[5 f 1,A+l , 


Ta,a + |1 


/C(l) 


®/C(l) - 


®A,AH 


-5, 


^A,A+5 


= ^»(t) [Ta+3,A-+ 


-5, 




^A,A+2l 


/C(l) 


®/C(l) - 


£>A,A-I 


-5, 


^A,A+f 


= V3(t) [T A+4(M 


11 

2 


3i" 1,A 1 + Mt) Gfc 1,A+I 


' T A,A+|1 


/C(l) 


®/C(l) - 


- 2\a- 


ii 

2 


^A,A+f 


= [T A+ r )A . 


r 2 




; ^A,A+2l 


/C(l) 


®/C(l) - 


- ®A,AH 


11 
2 


^A,A+i± 


= ^a(*) I T A+3,A4 


n 

2 




' T A,A+f J 


/C(l) 


®/C(l) - 


- 2>A,A- 


n 

2 


^A,A+6 


= V4(t)[T A+ 9 iA . 


t-6' 








®/C(l) - 


£>A,A-I 


-6, 


^A,A+6 


= [Ta+4,A4 


-6, 




T A,A+2l 




®/C(l) - 


®A,A-I 


-6, 


^A,A+6 




t-6' 




Ta,a + |1 


/C(l) 


®/C(l) - 


£>A,A-I 


-6, 


^A,A+f 


= V5(t) [T A+4>M 


13 
2 




■ T A,A + f 1 


/C(l) 


®/C(l) - 


- »A,AH 


13 
2 


^A,A+f 


= ^5(t)lT A+ 9 )A . 




, 3Tx 1,A ]+V^)I3ix 1,A+2 

2 2 


; Ta,A+2] 


/C(l) 


®/C(l) - 


- ®A,AH 


13 

2 


^A,A+7 


= ¥>e(*) I t a+|,a- 


f-7' 


3n' A ]+^)[3n' A+l , 

2 2 


T A,A + fl 


/C(l) 


®/C(l) - 


~* ®A,AH 


-7) 


where 



















Mt)=(x *a+3,A+§'a+§,A+3*A >a +§» 

= C A+ 3*A+3,A+|*A+|,A+3*A,A+f ' 
^(t) = a A 1 t A+ T >A+6 (t A +§,A+f *A,A+§ - *A+2,A+|*A,A+2) , 
^2(t) = a A || (iA+3,A+5iA+|,A+3 ~ *A+|,A+5*A+|,A+|) *A,A+|> 
fait) = Ca 1 *A+3,A+5<a+|,A+3*A,A+|' 
^(*) = Ca+2*A+|,A+5*A+2,A+|*A,A+2 i 

f3(t) = 0\\ + 4,X+l± (*A+f,A+4*A,A+| + *A+|,A+4*A,A+| + 3" tA +2,A+4^A,A+2) , 

^3(*) = ^a+|*A,A+| (*A+3,A+^-*A+|,A+3 + *A+4,A+^*A+f ,A+4 + 3^A+|>A+^A+§,A+|) ' 

£ 3 (t) = a^H x+ 7 X+ n (t x+ i x+ 7t xx+ z -t x+2X+ 7tx,x+2) , 

^g(t) = a A ^ A ,A+2 ^A+|,A+f *A+2,A+| - *A+4,A+^ tA +2,A+4) , 

<f_3(t) = Ca *A+3,A+f *A+|,A+3*A,A+f > 

^3(0 = C A+ s*A+4,A+4i*A+4,A+4*A,A+|' 

2 '2 2 '2 

^(i) = 7a ^A+f.A+6 (*A+§,A+§*A,A+§ ~ *A+2,A+f*A,A+2j , 
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Mt) = 7 A +| (*A+4,A+6*a+§,A+4 ~ *A+|,A+6 t A+|,A+|) *A,A+§ ' 
<p A (t) = /3^ 1 tA+4,A+6 (*A+f,A+4*A,A+§ + *A+f,A+4*A,A+§ + 3*A+2,A+4iA,A+2 y 
$ 4 (t) = /3^l 2 t X ,X+2 (*A+f,A+6*A+2,A+| + t x+ 9 jX+e t x+2X+ 9 + gtA+4,A+6*A+2,A+4j 

Jp A (t) = Ol x H x+ T_ Mf . (t X+ 3 X+ 7_t x x+ 3 -t x+2X+ 7t XM2 ^ , 

1>&) = q a+| (*A+4,A+6*A+|,A+4 ~ t A+f,A+6 t A+§,A+i) *A,A+§> 

<P5(t) = (3 x \ +4}X+ u (*a+§,A+4*A,A+§ + *A+§,A+4*A,A+§ + §*A+2,A+4*A,A+2) , 

fo(t) = ^|* A ,A+f (*A+4,A+f W|,A+4 + |*A+f,A+f Wf.A+f ) ' 

<Ps(t) =7A 1 *A+|,A+f (*A+|,A+|*A,A+| ~ *A+2,A+§*M+2) , 

^5(t) = 7A _ +2 t A,A+2 (* A +f ,A+f *A+2,A+§ _ *A+4,A+f *A+2,A+4) , 

¥>e(*) = 7a 1 *a+§,A+7 (*A+|,A+f *A,A+| ~ *A+2,A+f *A,A+a) . 
^e(t) = 7a+|*a,a+| *a+§,a+7*a+§ ,a+§ ■ 
Now, the same arguments, as in the proof of Proposition 16.11 show that we must have: 



AA+ | = LVi{t)5 ( 3n' A 



2 



-r-l,A 



^A,A+5 + ^A,A+5 = U 2 {t)5[Z G 

^ A ,A+ii + ^A,A+^ + ^A,A+f = U ^(t)S ( 5w 1,A 



^A,A+6 + ^A,A+6 + ^A,A+6 = i0i(t)5 UI7 

^a,a+7 = m(t)6 (3 8 1,x 



where . . . , u)§ are some functions. So, by Lemma 16.51 and Lemma 16.61 we obtain for the 
nonzero ipi(t),tpi(t),Tp i ,'ip i (t),ijji(t),'ip i (t) and cjj(i) the following relation: 



«A <Pi(t) + ei,A «a+| ^(*) = 0, Ca + £2,A a x+ 3 ip 2 {t) = 0, 

(3\ <P3(t) + £4,A /3 A +| ^3(*) = 0, OA ^3(i) + €5,A /? A+ | ^3^) = 0, 

«A+2 fait) + e 6iA /3 A+ | Tp 3 (t) = 0, /3\+2$4(t) + e 7i AaA^ 4 (t) = 0, 

a A +| ^4(*) + e 8,A OL\lp A {t) = 0, P\<P5{t) + eio,A7A+2V'5(i) = 0, 

/3 A +§ V^W +en,A7A+2^5(*) = 0, 7a <?5 (*) +ei2,A7A+2^5(*) = 0, 

Ui(t) = e 9) \a x Tp A (t), uj 2 (t) = e 3) AO! A+ 3 ip 2 (t), 

ui(t)=Z x 1 (x<pi(t) = tx 1 Cx + iMt)- 

Therefore, we get the necessary integrability conditions for £( 3 ). Under these conditions, the 
third-order term £( 3 ) can be given by: 

^ = ^A^A 1 *A+3,A+f *A+|,A+3*A,A+f + 

Ea e 3,A ^A+3,A+5<a+|,A+3 ~ *A+|,A+5*A+§,A+|) *A,A+| ^6 ^ 
Ea £ 9,A*a+|, A+6 (*A+|, A+;*A,A+| _ *A+2,A+J *A,A+2j Z 7 ^ 
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□ 

Proposition 6.8. The 4th order integrability conditions of the infinitesimal deformation |5.^i| j 
are the following: 

a) For 2{f3 - A) G {12, . . . , 2n} : 

*A+f ,A+6*A+3,A+§*A+§ ,A+3*A,A+§ = °' 
6; For 2{(3- A) G {13, . . . , 2n} : 



t A+5,A+^*A+|,A+5*A+|,A+|*A,A+| = °' 
tA+|,A+3*A,A+|*A+5,A+MiA+3,A+5 = 0, 

*A+|,A+^*A+3,A+f *A+f,A+3*A,A+§ = °- 



c) For 2(/3 - X) G {14, . . . , 2n} : 

*A+f,A+7*A+3,A+|*A+|,A+3*A,A+f = °' 
*A,A+f *A+§,A+3*A+5,A+7*A+3,A+5 = 0, 
*A,A+2*A+2,A+|*A+4±,A+7*A+f,A+f = 0, 

*A,A+|*A+f ,A+|*A+^,A+7*A+|,A+-r = °' 
*A,A+§ *A+5,A+7*A+|,A+5*A+| ,A+| = °» 
iA+^,A+7*A+4,A+^ (3t A+ | A+4 £ A A+ | + tA+2,A+4iA,A+2 

d; For 2(/5 — A) G {15, . . . , 2n} : 

iA,A+|*A+|,A+3*A+5,A+f *A+3,A+5 = 0, 

*A,A+|*A+5,A+^*A+|,A+5*A+|,A+| = °> 
*A,A+|*A+|,A+4*A+6,A+^*A+4,A+6 = °> 

t X+^ ,A+f *A+|,A+f (^A+f.A+^A.A+f ~ *A+2,A+|*A,A+2) = 0, 

*A+f ,A+f *A+4,A+4± (3tA+f,A+4*A,A+f + *A+2,A+4*A,A+2) = 0, 

*A+6,A+f *A+|,A+6 (*A+|,A+|*A,A+f ~ *A+2,A+|*A,A+2) = 0. 

e) For 2(/3 — A) G {16, . . . , 2n} : 



ei4,A*A+6,A+8^+|,A+6 ^A+f,A+f *A,A+§ ~ *A+2,A+| t A,A+2j + 

+ t X +f ,A+8*A+|,A+f (*A+|,A+|*A,A+f ~ *A+2,A+f*A,A+2) =0, 

ei6,AiA+6,A+8tA+|,A+6 (*A+f ,A+|*A,A+f ~ *A+2,A+f *-M+2) + 

+ iA,A+2t A +^,A+8 ( t \+l,\+l± t \+2,\+l ~ t X+ 4,X+lltx+2,X+^j = 0, 
(1 + £15,a) iA+6,A+8iA+|,A+6 ~ *A+^,A+8*A+|,A+^-) X 
X ^a+|,A+|*A,A+| _ *A+2,A+|*A,A+2) =0, 
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ei3,A^A+6,A+8^+|,A+6 (*A+f,A+f *A,A+§ ~ *A+2,A+| tA . A + 2 ) 



+ 



+ * A +i±A+8*A+4.A+ii (*A+I.A+4*A.A+g + 4*A+2,A+4*A,A+2 ) + 



"A+^,A+8''A+4,A+^ V A+|,A+4 A,A+| ^ 3 l 
+ *A+f ,A+8*A+4,A+f (*A+|,A+4*A,A+f + *A+§,A+4*A,A+§ + §*A+2,A+4*A,A+2) = 0. 

f) For 2(0 - A) € {17, . . . , 2n} : 

t X+ f ,A+f *A+| ,A+f (*A+|,A+f *A,A+| _ *A+2,A+f*A,A+2) = 0, 



*A+6,A+^*A+|,A+6 (^A+§,A+|*A,A+§ f A+2,A+|*A,A+2j — °i 
*A+f ,A+f *A+4,A+f ( 3t A+|,A+4*A,A+f + 3 *A+|,A+4*A,A+| + *A+2,A+4*A,A+2) 0. 

5 ; For 2(0 - A) € {18, . . . , 2n} : 

*A+f ,A+9*A+f,A+f (*A+|,A+|*A,A+| ~ *A+2,A+§*A,A+2) =0. 

To prove Proposition 16.81 we need the following two lemmas which we can check by a 
direct computation with the help of Maple. 

Lemma 6.9. We have 

eg,A Pa+6,a+8, 3r 1,X ] = eia,A /?a+4 ^a 1 1,A+4 ' ^5 1,A 1 + £i4,A a^S 7a ^fi 1 '* 4 " 3 > ^ii' A ]+ 

A_r 2 2 2 

-1 -1 ir<v -1 >*+2 >-l>An 1 t-v-I.A+2 ~, n . 

ei5,A«A 7 x ,zMii > J 9 1 + e 16,A C9.A+2 IJ7 , IA.A+2J + 

1 A 22 2 
ei7,A^(5 9 ' ), 



where 



£13, A 
£l4,A 
e 15,A 



e 9-A (2A+3)(2A+5)(2A+9)(A+2)(A+.3)(A+5)(2A 2 + 7A+2)(2A 2 +23A+62)(16A 4 +240A 3 + 1034A 2 + 1005A+300) 



36(A+4)(2A+7)(32A B +784A 5 +7156A 4 +29576A 3 +53961A 2 +40281A+11760) 
e 9 , A (2A+3)(2A+5)(2A-5)(2A+9)(A-4)(A+2)(A+7)(A+9) 
(A+4)(32A 6 +784A 5 +7156A 4 +29576A 3 +53961 A 2 +40281A+11760) ' 
£ 9|A (2A-3)(2A+1)(2A+3)(2A+6)(2A+23)(A+2)(A+5)(A+10) 
(2A+7)(32A 6 +784A 5 +7156A 4 +29576A 3 +53961A 2 +40281A+11760) ' 

e 9 , A (2A+3)(A+2)(32A 6 +656A- 5 +4756A 4 + 14104A 3 + 14901A 2 +7059A+240) 
£l6 < A c 9 ,A + 2(2A+ll)(A+6)(32A 6 + 784A 5 + 7156A 4 +29576A 3 +53961A 2 +40281A+11760) ' 

e 9|A (2A+5)(2A+9)(2A+6)(A+5)(16A 4 +240A 3 + 1034A 2 + 1005A+420) 

(2A+11)(2A+7)(A+4)(A+6)(32A 8 +784A 5 +7156A 4 +29576A 3 +53961A 2 +40281A+11760) 



Cl7,A 
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Lemma 6.10. Each of the following systems is linearly independent 
2) fe^), I^ 1,A+ ^9 1,A ] ; [T^^.Ofe 1 ^], [T A+fjA+ i3,^ A ], 

V 2 2 2 1 2 2 



3) (sos 1,A ). p; 1,A+i ,^ 1,A ], [or 1,A+4 , 5s 1,A i> p5 1,A+3 ,34~ 1,A i 5 i3 6 1,A+2 , t A)A+2 ], 

V 2 2 



2 

[T A+ 9 jA+7 , 3n ' I, [T A+5i a + 7, 3 6 ' ] 



4) (6(tJ' x ), ih 1,x+ ~ 2 ,r 9 hX i ia; 1,A+4 , ^ 1,A ], [3u' A+3 , 3r 1,A ], [T w+ «,3 7 - w ] 

5 2 2 2 3 

P 6 ' 2 > T A , A +|]> e3,A[T A+5A+ i5, ^g 1, ]+e 9>A+ |[a 7 ' 2 , T >1|3 



2 - - , , 2 - i 2 - ■ ' A, AH 

5) (*(39 1,A ), [3s 1>A+4 , ^ 1,A ], [37 1,A+S , 3n 1,A ], [3n 1,A+i , 37 1,A ], [^ 1,A+2 , T A , A+2 ]) , 

V 2 2 2 2 / 

6) (W' A ), [35 1,A+f ^n >A ], l3n M+4 ,35 1,A ]. I^ 1,A+I , T A , A+ |], iT^+ir,^) 

\ 2 2 2 .„ J 

7) (Wo' A ), Pn 1,A+l ,3n 1,A ] 

\ 2 2 

Proof. (Proposition 16, 8p The fourth order integrability conditions of the infinitesimal defor- 
mation (|5.4ip follow from Lemma 16.91 and Lemma 16.101 together with Proposition 16.11 and 
Proposition 16.71 and arguments similar to those from the proof of proposition 16.71 Under 
these conditions, the fourth-order term 2,^ can be given by: 



£(4) - - e 17,X t X+G,X+8t X +l,X+d (*A+f,A+|*A,A+| ~ *A+2,A+ f^AH^) 3 



~,-l,A 
9 



□ 



Proposition 6.11. The 5th order integrability conditions of the infinitesimal deformation l[5.41\ ) 
are the following: 

a) For 2(/3 - A) € {19, . . . , 2n} : 

t x+ 8,X+f t X+6,X+8t x+ l,X + 6 (* A+ f jA+ |* AjA+ | -i A+2 , A+ |*A,A+2) = 0, 

b) For 2(/3 - A) G {20, . . . , 2n} : 

iA+8,A+10iA+6,A+8i A+ | iA+6 A + 1 ,A+ 1 £ A, A+ f ~ *A+2,A+f *A,A+2) = 0, 
£a,A+2*A+8,A+10* A +M, A+ 8 (*A+|,A+^ t A+2,A+| _ *A+4,A+f *A+2,A+4) = 0, 

c) For2{fi-\) £ {21, 2n} : 

i A+8)A+ ^^A+6,A+8i A+ | iA+ 6 (*A+f,A+|*A,A+| _ <A+2,A+|*A,A+2) = 0, 



(i A+ | )A+ §* A ,A+| -*A+2,A+|*A,A+2) - 0, 



t A+8,A+^*A+^,A+8*A+|,A+^ ^A+|,A+f b X,X+[ 

t X,X+% t X+^-,X+^ t X+6,X+ % t X+ % ,A+6 "A+ % , X+i 
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To prove Proposition 16.111 we need the following lemma which we can check by a direct 
computation. 

Lemma 6.12. Each of the following systems is linearly independent 

1) ( 6(3~£' X ), aA+6 e 9,A[39 1,A+6 > 3t 1,A 1 - ei7,A[T A+8 A+ w, 3 9 1,A ] ) , 

\ 2 2 J 

2) (^u' A )> I3g 1,A+2 ' T A,A+ 2 ], ei7,A[T A+ 8,A + 10, 3g U ] + |/?A+6 e 9,A[a5 1,A+6 , 3f ''l) , 

3) (W' A ), [57 1,A+I , 3u 1,A I, [3g 1,A+l , T A)A+ |], 

V 2 2 \ 

e9,A7A+ 6 Pn 1,A+6 , 3f 1,A 1 - ei7,A[T A+8jA+ :n, 3g ^IJ- 

Proof. (Proposition 16. lip Using the same arguments as in proof of proposition 16.71 together 
with Lemma 16.121 Proposition 16.71 and Proposition 16.81 we get the necessary integrability 
conditions for £,( 5 \ Under these conditions, it can be easily checked that 5(2^) = for 
m = 5,6,7,8. □ 



The main result in this section is the following theorem. 

Theorem 6.13. The conditions given in Propositions 1 6. 1\ \6. 7\ \ 6.8l \6.11\ are necessary and 
sufficient for the integrability of the infinitesimal deformation Moreover, any formal 

0Sp(l 1 2) -trivial deformation of the /C(l) -module &l is equivalent to a polynomial one of degree 
< 4. 

Proof. Of course these conditions are necessary. Now, we show that these conditions are 
sufficient. The solution £( m ) of the Maurer-Cartan equation is defined up to a 1-cocycle and 
it has been shown in |14^ [TJ that different choices of solutions of the Maurer-Cartan equation 
correspond to equivalent deformations. Thus, we can always reduce £( m ), for m = 5,6,7,8, 
to zero by equivalence. Then, by recurrence, the terms 2^ m \ for m > 9, satisfy the equation 
S(£M) = and can also be reduced to the identically zero map. □ 

Remark 6.14. There are no integrability conditions of any infinitesimal osp(l|2)-trivial defor- 
mation of the /C(l)-module if n < 5. In this case, any formal osp(l|2)-trivial deformation 
is equivalent to its infinitesimal part. 



7 Examples 

We study formal osp(l|2)-trivial deformations of /C(l)-modules © A+n for some n e and for 
arbitrary generic AgK. For n < 5, each of these deformations is equivalent to its infinitesimal 
one, without any integrability condition. 

Example 7.1. The /C(l)-module 6 5 x+5 . 

Proposition 7.2. The K,{l)-module S A+5 admits six formal osp(l|2) -trivial deformations 
with 18 independent parameters. These deformations are polynomial of degree 3. 

Proof. In this case, any osp(l|2)-trivial deformation is given by 

Zx F = Zx F + + Z { x\ + £g , (7.56) 
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where 

= *A,A+| T A,A+| + *A,A+2 T AiA+2 + t A A+ | T AA+ | + t A+ i ]A+2 T A+ i A+2 

+*A+|,A+| T A+I,A+f + *A+±,A+3 T A+i,A+3 + *A+l,A+§ T A+l,A+f + *A+l,A+3 ^A+l,A+3 
+*A+l,A+f T A+l,A+f + *A+§,A+3 T A+f,A+3 + *A+f,A+| T A+f,A+f + *A+§,A+4 ^A+§,A+4 
+t\+2,\+l T A+2,A+| + *A+2,A+4 T A+2 , A + 4 + * A +2,A+§ T A+2,A+f + *A+f,A+4 T A+f, A +4 
+*A+§,A+§ T A+f ,A+f + *A+|,A+5 T A+f ,A+5 + ^A+S.A+f T A+3,A+f + *A+3,A+5 ^A+3,A+5 



c A+f,A+5 1 A+|,A+5' 
£(2) _ _ iAt+3 * M ,|t+|^4 ' M 



YsePe 1 (* e +|, e +4* £ ,£+| + t e+l ,£+4*£,£+§ + 3*e+2,e+4*£,E+2)3 £ 
'X^Tj" (^+|i+2^j+| - ^+2,^+9^^+2)3 11 ' , 



— Y^e^e ^+3/+|^+|/+3^/+f 3ii ' 



+ e 3 ,A (iA+3,A+5i A +| >A+3 - t x+ 7 X+5 t x+ 3 X+ 7j * AiA +|3 6 1,A 



with fi € {A, A + i, A + 1, A + §, A + 2}, v € {A, A + ±, A + 1, A + §}, e € {A, A + ±, A + 1} 
and £ G {A, A + 5} . The following equations 



i A>A +| *A+f ,A+5 = °' ( 7 - 57 ) 
*A,A+| ( £ 1,A *A+3,A+5t A +3 iA+3 + (1 - € lt x) t x+ 7_ ,a+5*A+|,A+| ) = °' ( 7 - 58 ) 

i A ,A+| ( £ 2,A *A+|,A+5*A+|,A+| ~ i 1 + £ 2,a) *A+3,A+5*A+|,A+3) = °> ( 7 - 59 ) 
t A +| iA+5 t A+2 , A +2*A,A+2 = 0. (7.60) 

are the integrability conditions of the infinitesimal deformation. The formal deformations with 
the greatest number of independent parameters are those corresponding to t x A+ st A+ s A+5 = 
t\+l A +5^ A +2 a+^*a,a+2 = t x A+^ = we mus t kill at least three parameters and there are 

six choices. Thus, there are only six deformations with eighteen independent parameters. Of 
course, there are many formal deformations with less then eighteen independent parameters. 
The deformation £x F = £x F +&x F +^x\+^x F > ^ s ^ ne rniniversal osp(l|2)-trivial deformation 
of S A+5 with base A = C[t]/TZ, where t = (t x A+ 3 , . . . ) is the family of all parameters given in 

the expression of and 1Z is the ideal generated by the left hand sides of (|7.57p - (|7.60p . □ 

ii 

Example 7.3. The /C(l)-module <5. 2 u . 

A+^- 
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Proposition 7.4. The JC(l) -module © A+ n admits 36 osp(l\2) -trivial deformations with 17 
independent parameters. These deformations are polynomial of degree 3. 



Proof. Any osp(l|2)-trivial deformation of © A+ n is given by 



2 



Zx F = £x F + 4! + Zxl + Zxl , ( 7 -61) 



"^Xp Xp Xp 
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where 

= *A,A+§ T A,A+| + ^> A + 2 T A,A+2 + * AjA+ | T A ,A+§ + *A+A A+2 T A+|,A+2 

+*A+|,A+| T A+I,A+| + ^A+i.A+S T A+±,A+3 + *A+l,A+§ T A+1,A+| + t X+l,X+3 T A+1 , A + 3 
+*A+1,A+| T A+1,A+| + *A+f,A+3 T A+|,A+3 + *A+f,A+| T A+f,A+f + *A+|,A+4 ^A+f,A+4 
+t A+2,A+l T A+2,A+| + *A+2,A+4 T A+2 ,A+4 + *A+2,A+§ T A+2,A+§ + *A+§ ,A+4 T A+f,A+4 
+*A+f ,A+| T A+f ,A+| + *A+|,A+5 T A+f ,A+5 + ^A+S.A+f T A+3,A+§ + *A+3,A+5 ^A+3,A+5 
+*A+3,A+^- ^A+3,A+^- + *A+|,A+5 ^A+|,A+5 + *A+|,A+^ T A+|,A+^ 
+*A+4,A+^ ^A+4,A+^' 

£(2) _ -J2 fl C^ lt f 1 +^fj 1 +3 t iJ,, f i+'^4 



Z 1 Z 1 Z 7 z 2 

E £ l 3 e 1 ( t e+^,e+A t e,e+^ + *e+#,e+4* £ , £ +S + 3*E+2 J e+4*e,e+2)5£ 



E* t7 (^+5^+9^+1 -t^+i^Xlu' , 



2 <.-r^,<-T 2 

^^ 3 ' ) = E^ ^+3^+9^+1^+3^+3 3 11 ' + 



Et £ 3, t (* t +3, t +5^+3 it + 3 - * i ,+| )t + 5 t ( .+| )t +| J * t , t +§ 3 



with /x G {A, A + i, A + 1, A + §, A + 2, A + § }, v G {A, A + f , A + 1, A + §, A + 2}, e G 
{A, A+|, A + l, A+|}, I G {A, A + |, A + l} and t G {A, A + ^}. The integrability conditions 
of this infinitesimal deformation vanishing of the following polynomials, where in the first 
four lines fi G {A, A + ^} : 



2 i I A* I i 2 

W+| ( e l,M^+3,M+5^+3 M+3 + (1 - 61^)^+7^+5^+3^+7 



W+f ^2^^+1,^+5^+1^+1 ~ ( X + £ 2,^) W3^+5^+3^+ :S / , • 
' \.A+§ l A+3,A+-^- t 'A+§ ,A+ + 



*A,A+§*A+3,A+^A+ 3 
*A+4,A+^A+f,A+4 i A,A+§> 

* A+4 ,A+^ ( 3 (! + e 4,A) * A +| jA + 4 *A,A+§ + *A+2,A+4*A,A+2l + C4,A i AjA +| *A+|,A+ ^*A+|,A+Z : 
*A+|,A+4± (( X + 1 3 A ) t A+|,A+| t A,A+f ~ *A+ 2) A+f *A,A+2) + e 5 , A * A+4 , A +^* A +| , A + 4 * A)A+ § > 
e 6,A* A ,A+§ (*A+4,A+^A+f,A+4 + I *A+|,A+^*A+|,A+|) + 



*A,A+2 [t x+ l >x+ ut x+2 ^ + z -t A + 4i A + ^*A+2,A+4 y 

(7.62) 

These deformations are with 24 parameters tnv which are subject to conditions (|7.62|) . Ob- 

ii 

viously, we can construct many osp(l|2)-trivial deformation of & 2 n with independent pa- 

A+^- 

rameters. But, to have the greatest number of independent parameters, we see that we must 
kill at least seven parameters, that is , we put 

* AiA +3 = * A +i )A+2 = *A,A+2 = and t^ + s ^+| iM+5 = ^+7^+5^+2^+7^+2 = 

where /i = A or A + \. So, there are 36 possible choices of such parameters. □ 
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